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Based upon the intrinsic symmetries approach to inhomogeneous cosmologies, we propose an
exact solution to Einstein’s field equations where the spatial sections are flat and the source is a
non-perfect fluid such that the dissipative terms can be written in terms of spatial gradients of the
energy density with a suitable choice of the coordinate system. It is shown through the calculation of
the luminosity distance as a function of the redshift that the presence of such inhomogeneities may
lead to an effective deceleration parameter compatible with either the standard ΛCDM model or
LTB models depending on the choice of boundary conditions, without any exotic matter component.
This fact is another evidence that different inhomogeneous models should be carefully investigated
in order to verify which one may be compatible with observations and still be as close as possible to
the standard model regarding the underlying assumptions, without resorting necessarily to exotic
matter components.
PACS numbers:
I. INTRODUCTION
Several attempts to describe our actual clumped universe have been made by adopting fewer symmetries than the
ones present in the standard cosmological model, described by the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
class of geometries, which is invariant under a six-parameter group of isometries and whose surfaces of transitivity
are three-dimensional spacelike hypersurfaces of constant curvature [1]. A number of inhomogeneous geometries have
been constructed following this idea in order to give a more realistic view of cosmology [2, 3]. Special attention is
given to the models dealing with the averaging and backreaction issues [4–6], the exact Lemaˆıtre-Tolman-Bondi (LTB)
models [7–9] and Szekeres models [10].
A particularly interesting technique to generate inhomogeneous cosmologies is the one developed by Szafron and
Collins [11–14] in which exact solutions to the Einstein’s field equations (EFE) are found through the so-called
intrinsic symmetries approach, where only submanifolds of the whole space-time admit certain group of isometries.
For instance, when the fluid flow is irrotational, one could impose symmetries on the hypersurfaces orthogonal to the
flow, seen as three-dimensional manifolds, and still the full space-time would possess no symmetries whatsoever.
Following this procedure, exact solutions were studied considering simple matter contents, as vacuum [15], irrota-
tional dust [16, 17] and perfect fluids [18, 19]. In Ref. [15], flatness of three-dimensional hypersurfaces (that could be
either timelike or spacelike) was imposed together with the condition of a traceless extrinsic curvature, for simplicity.
In Ref. [16], irrotational dust metrics were considered by demanding that the hypersurfaces orthogonal to the fluid
flow had constant curvature, and the authors found that the resulting solutions are either contained in the Szekeres
dust solutions [20] or are homogeneous of certain Bianchi types. Also, in Ref. [17], an irrotational dust solution was
considered and a maximal group of isometries, that is, a six-parameter group of motions was imposed on the spacelike
hypersurfaces orthogonal to the fluid velocity, and the conclusion was that all the irrotational dust solutions of EFE
with flat spatial geometry were either Bianchi I or were subfamilies of the Szekeres geometry.
In this work we propose an explicit inhomogeneous solution of the EFE by restricting the hypersurfaces orthogonal
to the irrotational fluid flow to be flat, but allowing the matter content to have dissipative components. Assuming
certain phenomenological thermodynamic equations, it is possible to completely determine the geometry and the
matter distribution only by specifying the functional form of the energy density. Clearly, the EFE will constrain the
set of possibilities narrowing the phenomenological thermodynamic parameters and the spatial part of the energy
density. Then, we show how the inhomogeneities in the model yield an effective deceleration parameter comparable
to those found in the literature. In particular, compared to the FLRW model, this might lead to a behavior usually
attributed to the dark energy component.
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2We begin by presenting in the next section the inhomogeneous solution in detail. Then, in Sec. III, we move to the
analysis of the luminosity distance and the calculation of the deceleration parameter in the approximation of small
values of the redshift. We then proceed to put bounds, in Sec. IV, on the parameters of our model based on the
observed value for the deceleration parameter according to ΛCDM and predictions from LTB models. Concluding
remarks are presented in Sec. V and, for completeness, we compute the Newman-Penrose invariants of the geometry
in the Appendix. We adopt conventions as in Ref. [1], except that Greek indices α, β, γ . . . run from 0 to 3 and Latin
indices i, j, k . . . run from 1 to 3 (the three spatial directions). Geometric units are assumed such that c = 8πG = 1,
where c is the speed of light and G is the Newton constant.
II. THE SOLUTION
The properties of the metric we propose here are inspired by the observed homogeneity and isotropy of the universe
encoded in the cosmological principle, which is usually put forward by adopting the FLRWmodel with constant spatial
curvature scalar1. However, this hypothesis can be relaxed by imposing that just the hypersurfaces at constant time
are maximally symmetric without requiring that their corresponding isometries are also symmetries of the whole
space-time. With this in mind, the simplest manner to implement this scenario, in the flat case, is through the
infinitesimal line element
ds2 = −ef(t,x,y,z)dt2 + a2(t)(dx2 + dy2 + dz2), (1)
where f(t, x, y, z) is an arbitrary function (at least of class C2) and a(t) is the scale factor. With no further assumptions,
this is an algebraically general metric of Petrov type I (see the Appendix for details). Furthermore, from a recent
discussion in the literature [22–24]—in which it was elucidated that linear perturbations of homogeneous and isotropic
models lead to different results when compared to a linearized inhomegeneous solutions—we can state that the exact
solution of EFE derived here is indeed the simplest generalization of the flat standard model in terms of intrinsic
symmetries.
In this model, the fluid flow will be described by the normalized, irrotational and shear-free vector field uµ =
e−f/2δµ0 and the flat 3-hypersurfaces with metric given by hµν = gµν + uµuν are orthogonal to it. The non-trivial
kinematic quantities associated to the four-velocity of the fluid are the expansion coefficient given by
ϑ = uµ;µ = 3
a˙
a
e−
f
2 , (2)
and the acceleration vector aµ = uµ;νu
ν expressed as
ai = −1
2
∂if. (3)
Note that the expansion is not homogeneous and the acceleration is nonzero due to the spatial dependence of
f(t, x, y, z).
Thus, the energy-momentum tensor can be decomposed with respect to the vector field uµ into its irreducible parts
as
Tµν = ρuµuν + phµν + qµuν + qνuµ + πµν , (4)
where ρ is the energy density, p is the isotropic pressure, qµ is the heat flow, πµν is the traceless symmetric anisotropic
pressure tensor, with qν u
ν = 0 and πµν u
ν = 0. In this model, the presence of heat flow is well accommodated by the
nonzero acceleration of the observers comoving to fluid in accordance with the Eckart-frame of the thermodynamics
of irreversible process [26], where
qµ = −kaµ, (5)
with k being the thermal conductivity that could be a function of the thermodynamical variables as temperature,
energy density, pressure, among others. On the other hand, the phenomenological and nonrelativistic equation of
1 A careful analysis of the foundational aspects of the standard cosmological model can be found in [21], where it is discussed which
assumptions can actually be confirmed by observations.
3state for the anisotropic pressure (πµν ∝ σµν) is not appropriate here, since the comoving observers are shear-free. In
this way, if we insist that the viscosity may still be present in this cosmological scenario, then πµν should be related
to something else. In the literature, it is possible to find a suitable candidate for it associating the dissipation to
the gravitational energy loss, in particular, to tidal forces (see Refs. [27–31] for more details). With this in mind,
a possible description could be implemented by setting πµν as a function of Eµν , where Eµν
.
= Cµανβu
αuβ is the
electric part of the Weyl tensor Cµανβ , which represents the relativistic extension of the tidal forces [32]. Thus, the
phenomenological equation of state for the anisotropic pressure in the absence of the shear tensor would be
πµν = ηEµν , (6)
where η is a “tidal” viscosity coefficient which might be also a function of the thermodynamic variables. After all
these considerations about the matter content, we can compute the EFE in order to determine the geometry of the
spacetime.
The 0− 0 component of the EFE, Gµν = Tµν , gives
ef(t,x,y,z) =
3H2(t)
ρ(t, x, y, z)
, (7)
where H = a˙/a and dot means derivative with respect to the time coordinate. For the sake of simplicity, we shall
proceed similarly to [25] and rewrite the line element using the scale factor as the time coordinate and introduce an
explicit dependence in the metric with respect to the energy density through relation (7), obtaining
ds2 = − 3
a2ρ(a, x, y, z)
da2 + a2(dx2 + dy2 + dz2). (8)
It should be noticed that the component G00 = T00 in this new coordinate system is now an identity. The other
components lead to
1√
3 ρ
∂iρ = qi (9)
√
ρ
[
∇2
(
ρ−
1
2
)
− ∂ij
(
ρ−
1
2
)]
− a
3
3
∂ρ
∂a
− a2ρ = a2p+ πij , for i = j, (10)
1
4
(
2ρ ∂ijρ− 3∂iρ ∂jρ
ρ2
)
= πij , for i 6= j, (11)
where ∂i ≡ ∂∂xi , ∂ij ≡ ∂
2
∂xi ∂xj and ∇2 := δij∂ij is the 3-dimensional Euclidean Laplacian.
If we compare Eq. (9) with Eq. (5) using Eqs. (3) and (7), the EFE G0i = T0i set the thermal conductivity to
k = 2
√
ρ/3. If ρ(t0, x, y, z) goes to a constant at some limit, then the standard phenomenological equation for the
heat flow is recovered [26]. Concerning the anisotropic pressure, we first compute the electric part of the Weyl tensor
in terms of the metric (8), obtaining
Eij =
√
ρ
[
1
2
∂ij
(
ρ−
1
2
)
− 1
6
δij ∇2
(
ρ−
1
2
)]
. (12)
By comparison of Eqs. (6) and (11) with the help of Eq. (12), the off-diagonal spatial components of the EFE fix
η = −2. Inserting this information into Eq. (10), the remaining diagonal spatial components of the EFE are all equal
to
∇2(ρ− 12 )
ρ−
1
2
=
a2
2
(
a
∂ρ
∂a
+ 3γρ
)
, (13)
where, for simplicity, we have assumed a barotropic equation of state of the form p = (γ − 1)ρ in which γ may be
considered a function of the scale factor.
In the sequence we consider the energy density as a product of a function depending only on a and a function
depending only on the spatial coordinates in the convenient following manner
ρ(a, x, y, z) =
ǫ(a)
[χ(x, y, z)]2
, (14)
4resulting, for the time dependent part,
a3
dǫ
da
+ 3γa2ǫ = −2κ, (15)
and for the spatial dependent part
χ∇2χ = −κ, (16)
where κ is a constant of separability and the minus sign was chosen for later convenience. First, let us analyze the
dependence of the energy density with respect to the scale factor. Eq. (15) can be directly integrated in the case of
γ constant, yielding
γ = const. ⇒ ǫ(a) = ǫ1
(a0
a
)3γ
− 2κ
(3γ − 2) a2 , (17)
where ǫ1 = ǫ0 +
2κ
(3γ−2) a2
0
and ǫ0 = ǫ(a = a0). The case γ = 2/3 has to be solved separately, resulting in
γ = 2/3 ⇒ ǫ(a) = ǫ0
(a0
a
)2
− 2κ
a2
ln
(
a
a0
)
. (18)
The first term on the right hand side of Eq. (17) is the same as in the flat FLRW models and the second term
(proportional to a−2) mimics a spatial curvature term for κ 6= 0 and γ 6= 2/3 which shall play an important role at late
times in the evolution of the universe, as we shall see. It should also be noticed that this solution is invariant under
the transformation a → λa and κ → λ2κ. In an expanding universe model there is a combination of the constants
such that ǫ(a) vanishes at a finite value of the scale factor given by
a
a0
=
[
2κ
(3γ − 2) ǫ1 a20
] 1
2−3γ
, for γ 6= 2
3
and
a
a0
= exp
(
ǫ0 a
2
0
2κ
)
, for γ =
2
3
. (19)
When this happens the metric becomes singular in the same manner as the closed FLRW case.
Therefore, by assuming the phenomenological thermodynamic relations and a separation of variables of the form
(14) with a linear equation of state for the isotropic pressure, the geometry is then completely determined by solutions
of Eq. (16) with appropriate boundary conditions. In the literature, this equation is known as the static version of
a nonlinear Klein-Gordon equation whose potential is inversely proportional to χ [33]. Some solutions of this elliptic
partial differential equation (16) can be found in an implicit form as
c1x+ c2y + c3z + c4 + c5 −
√
c21 + c
2
2 + c
2
3
∫
dχ√
−2κ lnχ− (c21 + c22 + c23)c4
= 0. (20)
A preliminary analysis indicates that the regularity of these solutions depend on the values taken by the constants,
that is, on the boundary conditions. These conditions should, of course, comply with the fact that we observe an
almost isotropic background radiation. To that end, however, more important than the spatial variation of the energy
density is its time evolution. Once the inhomogeneities contribute with a term that goes with a−2, they should become
negligible for small values of the scale factor and, therefore, should not spoil the CMB isotropy.
III. REDSHIFT AND LUMINOSITY DISTANCE
We perform now an analysis of the luminosity distance in this geometry restricted to small values of the redshift.
With this in mind, we compute the geodesic equations for the metric (1), which are given by
dk0
dλ
+H(k0)2 + 2
χ′
χ
k0 = 0, (21)
d~k
dλ
+
χ∇χ
a2
(k0)2 + 2H k0 ~k = 0, (22)
5where k0 = dt/dλ, ~k =
(
dx
dλ ,
dy
dλ ,
dz
dλ
)
and χ′ = ~k · ∇χ with λ as the affine parameter of the geodesics and where dot
(·) stands for the usual Euclidean scalar product. The line element provides the constraint
b = −χ2(k0)2 + a2(t)(~k · ~k), (23)
where b = −1, 0,+1 if the geodesic is time-like, light-like or space-like, respectively. In particular, to find the corrected
expression for the redshift, we only need to study null geodesics. Thus, substitution of Eq. (23) into Eq. (21), with
b = 0, yields
k0 =
E
aχ2
, (24)
where E is an integration constant.
According to [1], the redshift is defined as
1 + z =
(−uµkµ)|e
(−uµkµ)|o , (25)
in which the subscript e indicates the spacetime event where the photon was emitted and the subscript o indicates the
spacetime event where the photon was observed. The spatial dependence of z through χ makes the redshift expression
completely different from the one in FLRW models. In this way, the equation for z becomes
1 + z(λ) =
a0χ0
a(λ)χ(λ)
, (26)
where a0 is the scale factor today and χ0 is the inverse square root of the spatial energy density at the location in
which the photon is observed. In virtue of the freedom in the parametrization of the null geodesics, we can choose
(−uµkµ)|o = 1 and this implies E = a0χ0 .
Now we proceed to calculate the luminosity distance. First, we consider the Sachs equations [34, 35]
d2DA
dλ2
+
(
Σ2 +
1
2
Rµνk
µkν
)
DA = 0, (27)
dΣ
dλ
+ 2
(
d lnDA
dλ
)
Σ = Cαβµνm
αkβmµkν , (28)
for the angular diameter distanceDA and the shear Σ of the null congruence, wherem
µ is a space-like vector orthogonal
to kµ. As we set the initial conditions for the observer
DA(0) = 0 and
dDA
dz
∣∣∣∣
0
=
1
H0
, (29)
where H0 is the Hubble parameter at the instant of time in which the photon is observed, we see that for z = 0 we
have d
2DA
dλ2 = 0, which implies (
dz
dλ
)2
d2DA
dz2
= −
(
d2z
dλ2
)
1
H0
as z = 0. (30)
In a certain way, the analysis of DA(z) up to terms of order z
2 around z = 0 resembles the Dyer-Roeder approach
for studying light propagation in inhomogeneous backgrounds [36], where the optical shear Σ and Rµνk
µkν are set
to zero along every null curve, that is, d
2DA
dλ2 = 0 along the entire light path. But, it should be clear that we have
d2DA
dλ2 6= 0 for z 6= 0, and this changes everything. As we compare to their work, we should expect that the function
DA(z) contains information about the local inhomogeneities such that the introduction of a single phenomenological
constant adapted to the FLRW space-time could not describe.
Following the steps presented in Ref. [37], we consider Taylor expansions for a and χ up to the second order in λ,
as follows
a(λ) = a0
(
1 + a1H0λ+
1
2
a2H
2
0 λ
2
)
+O(λ3) (31)
6and
χ(λ) = χ0
(
1 + χ1H0λ+
1
2
χ2H
2
0 λ
2
)
+O(λ3). (32)
Using Eqs. (21) and (24), we see that the parameters a1 and a2 are related to the constants χ0 and χ1 through
a1 =
1
χ0
and a2 = −1 + q0 + 2χ0χ1
χ20
, (33)
where q(t) = −a¨/aH2 is the deceleration parameter defined for FLRW metrics and q0 stands for its value at the
moment of the observation. At this order, we are able to compute the contribution of the inhomogeneity to the
deceleration parameter and then try, in a first moment, to put bounds on such contributions based on observations
and compare our predictions with the cosmological models most discussed in the literature.
Thus, differentiating Eq. (26) with respect to λ and rewriting the outcome in terms of z yields
dz
dλ
∣∣∣
z=0
= −H0 (a1 + χ1) and d
2z
dλ2
∣∣∣
z=0
= H20 [2(a
2
1 + a1χ1 + χ
2
1)− χ2 − a2]. (34)
As we use the relation DL = (1 + z)
2DA between the luminosity and angular distances [38], the Taylor expansion of
order z2 is expressed as [39]
D =
D(1)
H0
z +
D(2)
2H0
z2, (35)
where the coefficients are linked through
D
(1)
L = D
(1)
A = 1,
D
(2)
L = D
(2)
A + 4 ≡ 1− qeff
(36)
with qeff as the effective (observed) deceleration parameter. We get from Eqs. (30) and (34) that
D
(2)
A = −
2(a21 + a1χ1 + χ
2
1)− χ2 − a2
(a1 + χ1)2
, (37)
leading to the following expression for the effective deceleration parameter
qeff =
q0 + 2χ1 − 4χ0χ1 − χ20χ21 − χ20χ2
(1 + χ0χ1)2
. (38)
It should be noticed that there are two different contributions from inhomogeneities to qeff : first, we have the local
inhomogeneities surrounding the observer that affect the measure of the deceleration parameter whenever χ1, χ2 6= 0;
the other contribution from the inhomogeneities is global and comes from the “effective curvature” term proportional
to κ that changes the value of q0 independently of position in space. Note also that qeff reduces to the usual FLRW
q0 value when we neglect the inhomogeneous parameters χ1 and χ2 (and higher orders), once the only possible value
for κ in this limit is zero.
IV. CONTRIBUTIONS TO THE DECELERATION PARAMETER FROM INHOMOGENEITIES
We now provide a preliminary analysis showing how our model can accommodate the predictions regarding both
the standard ΛCDM and LTB inhomogeneous models. To that end, we consider the physical interpretation of the
parameters composing qeff , where we let (t0, x0, y0, z0) represent the space-time event of observation at z = 0 and set
f(t0, x0, y0, z0) = 0, ρ0 := ρ(t0, x0, y0, z0) and ǫ0 = ǫ(a0) = ρ0. This implies that
χ0 = 1 , E = a0 and ǫ0 = ρ0 = 3H
2
0 . (39)
With ǫ0 and γ0 = γ(a0) in Eq. (15), we determine q0 as
q0 =
3
2
γ0 − 1 + κ
3 a20H
2
0
. (40)
7Recall that even q0 has a contribution due to inhomogeneities through κ. From Eqs. (23) and (24) we have for the
norm of the 3-dimensional wave vector ‖~k‖ =
√
~k · ~k
‖~k‖ = 1
a0
(a0
a
)2 √ρ
ǫ
. (41)
As we use the Taylor expansion (32) for χ and the definition of χ1, we obtain
χ1 ≡
(
1
H χ
dχ
dλ
)
z=0
= −
(
1
2H ρ
~k · ~∇ρ
)
z=0
= − 1
6 a0H30
‖~∇ρ‖0 cosψ0. (42)
where we denote by ψ0 the angle between ~∇ρ and ~k at the event of observation and ‖~∇ρ‖0 = ‖~∇ρ(t0, x0, y0, z0)‖.
The definition of χ2, in its turn, is
χ2 ≡
(
1
H2 χ
d2χ
dλ2
)
z=0
=
1
H20
(
d~k
dλ
· ~∇χ+ kikj ∂i∂jχ
)
z=0
. (43)
If we use Eqs. (22), (24) and (42), we obtain for the first term on the right-hand side
1
H20
(
d~k
dλ
· ~∇χ
)
z=0
=
‖~∇ρ‖0
3 a0H30
cosψ0 −
(
‖~∇ρ‖0
6 a0H30
)2
. (44)
Concerning the term ∂i∂jχ, we can decompose it into its trace ∆χ and its traceless part Bij both at the event of
observation. Therefore, from Eq. (16), we get
∂i∂jχ(x0, y0, z0) = −κ
3
δij +Bij . (45)
Since the last term becomes diagonal by an Euclidean rotation, we can take it as the diagonal matrix
(Bij) = B diag{sin b, sin(b + 2π/3), sin(b+ 4π/3)},
where B measures the intensity of the anisotropy in the Hessian matrix of χ at the observation point and b its angular
distribution. Defining the polar and azimuthal angles in the usual way, with k1 = ‖k‖ cosϕ, k2 = ‖k‖ cos θ sinϕ and
k3 = ‖k‖ sin θ sinϕ, we substitute Eqs. (44) and (45) in (43) to get
χ2 = − κ
3 a20H
2
0
+
‖~∇ρ‖0
3 a0H30
cosψ0 −
(
‖~∇ρ‖0
6 a0H30
)2
+
B
a20H
2
0
A(ϕ, θ, b), (46)
where
A(ϕ, θ, b) =
(
1− 3
2
sin2 ϕ
)
sin b−
√
3
2
cos(2θ) sin2 ϕ cos b. (47)
Collecting all these terms and putting them back into the effective deceleration parameter given by Eq. (38), yields
qeff =
1(
1− ‖~∇ρ‖0 cosψ0
6 a0 H30
)2

3
2
γ0 − 1 + 2κ
3 a20H
2
0
+
(
‖~∇ρ‖0 sinψ0
6 a0H30
)2
− B
a20H
2
0
A(ϕ, θ, b)

 . (48)
Therefore, the general expression for the effective deceleration parameter in our model is inhomogeneous and
anisotropic, since it is sensitive to the spatial gradients of the energy density and the directions from the incom-
ing photon through the angles θ and ϕ.
Let us make an extra hypothesis and assume that the observation point lies in what could be considered a critical
point of the energy density, a local maximum or minimum depending on whether it is a matter clump or a void,
respectively, such that ‖~∇ρ‖0 vanishes. In addition, we should have ∇2ρ(t0, x0, y0, z0) < 0 for the local maximum
(or ∇2ρ(t0, x0, y0, z0) > 0 for the local minimum), which implies ∇2χ(t0, x0, y0, z0) > 0 (or ∇2χ(t0, x0, y0, z0) < 0).
Besides, we can assume that locally the anisotropic stresses vanish as the universe seems highly isotropic, which allows
8us to set the quantity B to zero at the observation point, in a first approximation. Therefore, the effective deceleration
parameter reads
qeff =
3
2
γ0 − 1 + 2κ
3 a20H
2
0
. (49)
In order to compare our inhomogeneous model with some other cosmological scenarios, we first set the dimensionless
inhomogeneous constant ΩI to be
ΩI = − 2 κ
3H20 a
2
0
. (50)
It becomes clear from Eq. (15) that the ratio κ/a20 is invariant under scale changes in a(t), and therefore it is invariant
just like H0. Under the suitable assumption γ = γ(a) in Eq. (15), we can write the homogeneous part of the energy
density as a sum of contributions of matter (ΩM ) and an effective contribution from the inhomogeneity (ΩI), with
the constraint ΩM +ΩI = 1. The effective deceleration parameter can then be rewritten as
qeff =
1
2
(ΩM − ΩI ) = ΩM − 1
2
. (51)
From this we see that −1/2 is the lower bound for qeff in order that the matter content ΩM be positive. If we compare
this equation with the standard flat FLRW models, assuming qeff = −0.5 ± 0.12, then there is a possible interval
−0.5 < qeff ≤ −0.4 for which ΩM ≥ 0. Besides, we see that the maximum amount of matter would correspond to at
most 10% of the energy content of such universe and, consequently, we should be in a local maximum of the energy
density (∇2ρ(t0, x0, y0, z0) < 0). Thus, it seems unlikely that we can explain these observations within our model
without extra components for the cosmic fluid. On the other hand, if we compare our expression for qeff with the
LTB inhomogeneous models [42–48], where the effective deceleration parameter is positive for low redshifts, then it is
possible to have a scenario where ΩM is greater than 50% and there is no restriction on κ a priori.
V. CONCLUDING REMARKS
An exact solution of Einstein equations was derived which presents maximally symmetric submanifolds correspond-
ing to flat tri-dimensional spaces of constant time. The matter content required for this is a viscous fluid where the
dissipative terms, i.e., the heat flow and the anisotropic pressure are given through physically reasonable equations
of state involving the acceleration of the comoving observers and the electric part of the Weyl tensor, respectively.
The set of equations that come out from the EFE can be split into time and space, where the time evolution is
driven by Friedmann equation with an effective curvature term (∼ a−2) while the spatial dependence is given by a
type of nonlinear Klein-Gordon equation. In comparison to the FLRW models, the expressions for the redshift and
the luminosity distance are more complicated due to the presence of inhomogeneities. Thus, for small redshifts, we
solve the Sachs equation perturbatively up to second order admitting a Taylor expansion of the solution. In this way,
we were able to compute the angular diameter and luminosity distances and, consequently, find an equation for the
cosmological deceleration parameter which is inhomogeneous and anisotropic, in general. For the sake of simplicity,
the location of photon detection was chosen to be a critical point of the energy density such that we can neglect
all terms due to local inhomogeneities at this point and thus we are left only with the global contribution to qeff .
After comparison with both ΛCDM and LTB scenarios, it turns out that our model favors the fully inhomogeneous
cosmological model where ΩM can be the dominant content of the universe.
In order to have a complete physically acceptable cosmology, we should be able to obtain an almost isotropic
setting for large enough redshifts to explain the cosmic microwave background radiation. Although, at this stage,
the behaviour a−2 in the time evolution guarantees that the inhomogeneities will be washed out for small values of
the scale factor, a careful analysis would demand a suitable choice of the boundary conditions for the full solution
and it would be interesting to further investigate and search for predictions considering a perturbative analysis of our
metric, which is subject of future work.
Here we have shown, above all other possible conclusions, that different models with nonlinear effects of inhomo-
geneity (and possibly anisotropy) beyond small perturbations of FLRW must be pushed forward and tested against
the observational data. Just after such a tenacious scrutiny we could conclude that the Universe is of a ΛCDM type,
or composed just by ordinary matter in an inhomogeneous and anisotropic way or somewhere in between.
2 We consider a reconstructed value as it does not assume any specific matter content a priori and that has been obtained using a
kinematic approach in a model independent way. See [40] for more details.
9Appendix A: Newman-Penrose (NP) invariants
In the (a, x, y, z) coordinate system, we define a null tetrad basis (lµ, nν ,mµ, m¯µ) in which the vectors are given by
lµ =
(
a
√
ρ
3
, 0,
1
a
, 0
)
, nµ =
(
a
2
√
ρ
3
, 0,− 1
2a
, 0
)
mµ =
(
0,
i√
2a
, 0,
1√
2a
)
(A1)
and m¯µ is the complex conjugate of mµ. This basis satisfies the relations lµmµ = 0, n
µmµ = 0, l
µnµ = −1 and
mµm¯µ = 1. In possession of this, a direct calculation provides the NP scalars associated to the Weyl tensor as
Ψ0 =
(∂z+i∂x)
2χ
2a2χ ,
Ψ1 = −
√
2 ∂y(∂z+i∂x)χ
4a2χ ,
Ψ2 =
∇2χ
6a2χ − (∂z+i∂x)(∂z−i∂x)χ4a2χ ,
Ψ3 =
√
2 ∂y(∂z−i∂x)χ
8a2χ ,
Ψ4 =
(∂z−i∂x)2χ
8a2χ .
(A2)
Following the scheme presented in [41] we are led to conclude that this geometry is algebraically general, that is, a
Petrov type I spacetime. For completeness, the other invariants related to the Ricci tensor are found to be
Φ00 =
(∂z+i∂x)(∂z−i∂x)χ
2a2χ − 1χ2
(
a¨
a −
2a˙∂yχ
a2 − a˙
2
a2
)
,
Φ01 =
√
2 (2a˙−χ∂y)(∂z+i∂x)χ
4a2χ2 ,
Φ02 = − (∂z+i∂x)
2χ
4a2χ = −2Ψ0,
Φ11 =
∂yyχ
4a2χ +
1
4χ2
(
a˙2
a2 − a¨a
)
,
Φ12 =
√
2 (2a˙+χ∂y)(∂z+i∂x)χ
8a2χ2 ,
Φ22 =
(∂z+i∂x)(∂z−i∂x)χ
8a2χ − 14χ2
(
a¨
a +
2a˙∂yχ
a2 − a˙
2
a2
)
,
R = 6χ2
(
a¨
a +
a˙2
a2
)
− 2∇2χa2χ .
(A3)
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